Majorana fermions and CP-invariance of chiral gauge theories on the lattice 
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The construction of massless Majorana fermions with chiral Yukawa couplings on the lattice is 
considered. We find topological obstructions tightly linked to those underlying the Nielsen-Ninomiya 
no-go theorem. In contradistinction to chiral fermions the obstructions originate only from the 
combination of the Dirac action and the Yukawa term. These findings are used to construct a 
chirally invariant lattice action. We also show that the path integral of this theory is given by the 
Pfaffian of the corresponding Dirac operator. As an application of the approach set-up here we 
construct a CP-invariant lattice action of a chiral gauge theory, based on a lattice adaptation of 
charge conjugation and parity transformation in the continuum. 
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Introduction. — Massive neutrinos can be incorporated 
in the Standard Model with Majorana fermions that 
become massive via spontaneous symmetry breaking. 
This mass generation necessitates a chirally symmetric 
Yukawa term. A lattice approach to the related physics 
problems has to be based on an appropriate lattice for- 
mulation of Majorana fermions in the presence of chi- 
ral symmetry 0, H, [3, see also [1, 0, [!]• Majorana 
fermions with chiral symmetry also play a key role for 
physics beyond the Standard Model, in particular in su- 
persymmetric theories. Realisations of lattice supersym- 
metry face additional problems since space-time lattices 
are generally irreconcilable with supersymmetry, see e.g. 
i, E, El, El, [11 Q El , for reviews see [H, [13, [13 . 



In [8| an approach to chirally coupled Majorana 
fermions was initiated. Here we extend this work, eval- 
uate the related obstructions and provide a construction 
of chirally coupled Majorana fermions. This construc- 
tion may also prove useful for the construction of su- 
persymmetric theories on the lattice. Within a lattice 
formulation, chiral symmetry becomes non-trivial due to 
the Nielsen-Ninomiya no-go theorem 1^, 2^, 21, 22, "2^ . 
and we expect related obstructions for chirally coupled 
Majorana fermions. Indeed there appears a certain con- 
flict between the definition of the Majorana fermions and 
lattice chiral symmetry in the presence of Yukawa cou- 
plings. The conflict is closely related to the requirements 
of locality and that of avoiding species doubling, which 
are the basic issues of lattice chiral symmetry. It also 
causes an obstruction in constructing the simplest super- 
symmetric model, the Wcss-Zumino model on a lattice, 
and in showing CP invariance of chiral gauge theory, see 
e.g. i [13, [23. 

In the first section we recapitulate the continuum 
formulation of Majorana fermions. Then we discuss 
the specialities of a lattice formulation, in particular 
the necessary doubling of degrees of freedom, and the 
topological obstructions inherited from the demand of 
chiral invariance. The findings are used to construct 
Majorana fermions including the proof of the Pfaffian 



nature of the lattice path integral. Finally we construct 
a CP-invariant lattice action of a chiral gauge theory 
based on a lattice extension of charge conjugation and 
parity transformation. 

Majorana fermions. — Majorana fermions are neutral 
fermions and hence obey a reality constraint. In four- 
dimensional Euclidean space-time the charge conjugation 
operator C has the properties 



Ci^C-' = -1, 



(1) 



and the reality constraint for Majorana fermions reads 

r = B^i^, (2) 

where C = 75 i?. However, ([1]) implies that B*B = —11 
and hence we cannot implement the reality constraint ([2]) 
as it fails to satisfy the consistency condition ^p** = ijj. 
This problem is circumvented by doubling the degrees 
of freedom which suffices to implement the reality con- 
straint with 



with 



^1 

1p2 



(3) 



and 



B = 



B 

-B 



The symplcctic structure of B leads to B*B = U with 
B*B = — U. Thus the reality constraint, -0** = tp, is 
satisfied. The corresponding charge conjugation operator 
is provided by 



C 





C 



C 




Fb B, with F5 



75 
-75 



•(4) 



The above properties of the symplectic Majorana fermion 
■0 fix its behaviour under chiral rotations. 



(l + zeFs)^, 



(5) 



2 



which introduces a relative minus sign in the chiral rota- 
tion of ipi and •ip2- We are now in the position to construct 
a chirally invariant Majorana action. We summarise the 
necessary properties, 



C = Ts B, 
etc = 11 , 



(6) 



and construct the corresponding chirally invariant Majo- 
rana action 



(7) 



with 

V = 



D 
D 



and 



{CVf = -CV. (8) 



The action ([7]) could also be obtained by a Majorana 
reduction, see e.g. 2^, 27 1. Note that chiral invariancc 
of ([7]) is trivial, because 



i^fC75i?^. = (^ = l,2). 



(9) 



We also remark that skew symmetry of T) is not required 
but only the skew-symmetric part of T) contributes to the 
action S. The definitions ([8|) imply 



[CDf 



-CD. 



and 



D* = BDB- 



(10) 



for the Dirac operator D. The combined properties ((T 
hold for the standard chiral Dirac operator with 



75i? + i?75 = , 



(11) 



such as D = 7^5^, for which (fTUl) can be deduced from 
([T|). The action ([7]) is chirally invariant under a chiral 
transformation with ^ if 



T^V - OTs = , 



(12) 



which is valid for T) with the standard Dirac operator 
satisfying (|lip . Finally we remark that the action ([7]) is 
real, as follows from PH)) . It is instructive to make this 
reality explicit by rewriting the action ([7]) with the help 
of the above relations, 

= [ d-'x {4'h5D^i+ ^{150^^2) ■ (13) 



Note that p3|) is even real for unconstrained Dirac 
fermions , ^2 in contrast to ([7]) . 

The eqs. ([7)). (|13p provide the action of a Euclidean Ma- 
jorana fermion. For the chirally coupled Yukawa theory 
we are also interested in Weyl fermions which we can 
construct from the components of the Majorana spinor 



(■01, -02). To that end let us introduce chiral projection 
operators related to T5 in (O, 



p 






i-p 



(14) 



with 



^-2(1 



15) 



The chiral projection operators V, (1 — V) allow us to 
project on right-handed and left-handed spinors. For a 
given pair of "ipi Si,nd 'ip2, we can construct a Wcyl action 
taking its off-diagonal combination: 



Sw[ip] 



d'^xi}^CDPi}i,. 



VV1I) 



(15) 



We shall use this type of action to discuss CP invariance 
of a chiral gauge theory on the lattice. 

For the construction of a chirally invariant Yukawa 
term we have to couple chiral projections of the Majorana 
fermions to the scalar field, 



= g j d^x(iji^CPip^i+iJi^C{l~P)ip^i 

+1^2^ CP^^ ^2 + ^2^C (1 - P)V?V'2) . (16) 

In (|16p (/3 is a complex scalar, and is defined by 



ip 
if 



with 



0^(l-2ie)0. (17) 



Note that the scalar field is off-diagonal and hence 
does not commute with the projection operators, we 
have e.g. P0t 0t(i _ p). The action Soii^] + Sy[iP, (/)] 
is invariant under the transformation ([5]) of the fermions 
and that in (fTT]) for the scalar field related to 
If — * (1— 2ie)(p. This concludes our brief summary of 
chirally coupled Majorana fermions in the continuum. 
Due to chiral symmetry, and in particular the use of 
chiral projections in p6p we expect obstructions for 
putting the above theory on the lattice. 

Topological obstructions on the lattice. — Chiral 
symmetry on the lattice differs from that in the contin- 
uum as consistent chiral transformations necessarily de- 
pend on the Dirac operator. Hence we first discuss the 
properties of the lattice version of the free Dirac action 




SDm= - 2/)*(y) , 



(18) 



3 



with the lattice Dirac operator D{x — y) used in the def- 
inition of V as defined in and \1/ = (^'1,^1/2) obeys 
the symplectic relatity constraint ([3]). Assume for the 
moment that D{x — y) is of Ginsparg- Wilson type 
with 



(19) 



related to a vector-symmetric blocking procedure. Then 
the chiral transformation 



^<^r,5 ( 1 - 



1 

1 



V 



* , (20) 



is an invariancc of (|18[) . However, smooth chiral projec- 
tions P and V cannot be constructed, which is reflected in 
the fact that the transformation (PO)) vanishes at the dou- 
blers. This is a consequence of the well-known Nielsen- 
Ninomiya no-go theorem 1^, 2^ 21 , 23, 2^ , which pro- 
vides obstructions for putting chiral fermions on the lat- 
tice. Ginsparg- Wilson fermions [U] circumvent the no-go 
theorem with a modified chiral symmetry p9|) , which can 
be reformulated as 



^^D 4- 1575 = 0, 
and chiral projections 



with 



75=75(1-0^), (21) 



P= 1(1+75), P-i(l+75). 



(22) 



The general case [l5|, l2a |, g oing beyond Ginsparg- Wilson 
fermions, including e.g.[28|, only resorts to general chiral 
projections P, P, which arc compatible: 



[1- P)D^ DP. 



(23) 



It has been shown in [23[ that projection operators P, P 
carry a winding number that is related to the total chi- 
rality x of the system at hand. 



X = n[P] - n[l - P] , 



(24) 



with 



^ ^ 2! I 27r 



rp4 



trP(dP)4. e Z, 



if P^E" = in the action. Eq. also entails that for 
odd chirality x, P'^ and Pvf live in topologically different 
spaces, and hence have to be different. In the present 
case the total chirality x is even due to the symplectic 
construction. The continuum Yukawa action, however, 
contains projection operators V,l — V with P, 1 — P on 
chiral sub-spaces with P^ ^ 4", that is on fermionic sub- 
systems with odd chirality. Thus we have to worry about 
the use of projection operators in the Yukawa action Sy ■ 
The first question that arises in this context is whether 
the lattice Yukawa action can be constructed such that 
it is left invariant under the chiral transformations (j20p . 



and tends toward the continuum action. This would re- 
quire the existence of a smooth operator P which reduces 
P ^ 1 — P in the continuum limit, and ensures invariance 
of the Yukawa term under the combined transformation 
(fT7)) and (PO)) . Furthermore, there is no transformation 
of the scalar field that could absorb a momentum- 
dependent transformation of Pvt. Hence, a necessary 
condition for the invariance of the Yukawa term is a 
transformation of P^ that is independent of the Dirac 
operator £), 



P* ^ ±tMP^ 



(25) 



with constant matrix M. As 75(1 — fD) is not normalised 
and even vanishes at the doublers such an operator P 
cannot exist, even if one relaxes the projection property 
p2 = P. 

In turn it is required that the chiral transformation 
must be compatible with the projection operators used in 
the Yukawa term. This already excludes ([^0]) . Without 
loss of generality we can restrict ourselves to the chiral 
transformation 



* ^ (1 +ier5)*, with 
and hence 



75 







-75 



(26) 



where C is a lattice generalisation of C. Then, chiral 
invariance of the action S in (1181) leads to the constraint 



with 



(27) 



We conclude that invariance of the lattice action (fT8|) 
under the chiral transformations (1261) would require 



(28) 



which maps 75 carrying the winding number n\P\ to 75 
carrying the winding number n\P\. Note that using dif- 
ferent 75 's in the definition of still leads to the same 
conclusion ((28|) . In order to elucidate this obstruction we 
use Ginsparg- Wilson fermions as an example. There the 
relation (l28l) reads 



(29) 



(1 - aD^)^l = C75C-' 
with a possible solution 

C = C{\-\aD). 



(30) 



The C in ((30)) has zeros at the doublers, and the relative 
winding number is carried by these zeros. Inserting 
a lattice C in ([50)) into the action (fT5)) we encounter 
zeros or singularities of the operator C~^D at the 
positions of the doublers. This brings back the doubling 
problem. Consequently, we have to use independent 
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Majorana fields ip, ^' with difTcrcnt chiral transformation 
properties for the construction of Majorana actions. At 
the same time, our discussion given here also suggests 
the possibility of defining a lattice generalisation of 
charge conjugation as a discrete transformation between 
these topologically different spinors. We shall discuss 
first the construction of Majorana actions, and then 
how to define charge conjugation in connection with CP 
invariance of chiral gauge theories. 

Construction of Majorana actions. — Now we arc 

in the position to construct chirally coupled Majorana 
fermions on the lattice. In line with the arguments of 



J 



the last section we introduce two sets of symplectic Ma- 
jorana fermion, ^l) and Then chiral invariance is easily 
arranged for with appropriate, different, chiral transfor- 
mations for ijj and ^' respectively. Furthermore we have 
to ensure that our path integral results in Pfaffians of the 
Dirac operator which signals Majorana fermions. The 
corresponding lattice action reads 

SoiiJ, - ^ ^^{x)CV{x - y)^{y) , (31) 
with the Yukawa term 



g L.y (p' [I - H}^ + L.{i - Hjcpnm j (32) 

g {iji^C P ifiP^i + ^i^C {1 - P)ip*{l - P)'i>l+tP2'^C Pip* P*2+^'2'^C(1-P)¥>(1-P)«'2), 



r 



where 



p = (i + r5)/2, 

P = (H-f5)/2, 



P = (l+75)/2 
P = (l+75)/2. 



(33) 



. Note that the scalar field ip does not commute with 
the projection operators P, P, as they depend in general 
on the Dirac operator. Hence, in ((32|) the combinations 
such as P ifP cannot be reduced to PP Lp. We also re- 
mark that the construction given here differs from that in 
0, [2§|. There additional Majorana fermions were intro- 
duced as static auxiliary fields, and are used to construct 
a chirally invariant Yukawa term, see also 

The action Sd + Sy is invariant under the chiral trans- 
formations 



* ^ (1 + ief 5)^- , (l + ^erg)?/., 

(f)->{l- 2ie)(j). 



(34) 



The action S + Sy reduces to the continuum action in the 
continuum limit, but with a doubling of the field content. 
This doubling can be removed by appropriate prcfactors 
in the action, or by simply taking roots of the generating 
functional Z. However, it is left to prove the Pfaffian 
nature of the path integral. Since we have doubled the 
degrees of freedom we could have constructed a Dirac 
fermion out of two Majorana fermions. For the proof it 
is sufficient to concentrate on the path integral of the 
free Majorana action [ssi . [34| including a mass term for 
dealing with the zero modes: 

fUd^Pidrid^id^i* cxp-(5z5[^,*] + 5™[V',^']), 

(35) 



where the Majorana action (|3ip couples ijji to 4'i and ?/'2 
to ^'2 respectively, 

x,yeiA 

= E {i^I{^)CD{x-y) vl'i(y) 

+iP^{x)CDix~y)^2{y)). (36) 
This also applies to the regularising mass term 

5,„[^,vI/]=zmE^^(a;)c(5 J ) (r5*)(x) (37) 
xeA ^ ^ 

= zm^ (7A?^(x)C75*i(a;) - ^J(a:)C75*2(x)) . 

X 

The Pfaffian is computed in terms of eigenvalues of the 
Dirac operator CD. Hence we proceed by expanding the 
fermionic fields "0,^, and consequently the action (j36p . 
([37| in terms of eigenfunctions of CD. The operator CD 
can be constructed from the hcrmitian operator H ^ ^^D 
and its corresponding eigenfunctions Lpn by 



with 



Yh{x- y)'Pn{y) = A„</3„(a;) , 



(38) 



It straightforwardly follows that there is a double de- 
generacy in these equations: from the eigenfunctions 
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Lp we can construct linearly independent cigcnfunctions 
4'n = l5C~^ipn with eigenvalues A„, that is H{x)4)n{x) = 
\n4>n{x), and {4>niVm) = 0- Therefore, the fields and 
Tpi can be expanded as 

= [v?„(x)c„ + (l)„{x)bn] 

n 

M^) = ^[<^„(xK + 0„(x)5;] . (39) 

n 

Inserting this expansion into the action p6[) .p7p we are 
led to 

= - XI [(^" + «™)(^«C„ + bnC'„) + C.C.] . (40) 

n 

It is left to rewrite the path integral measure as a mea- 
sure of integrations over the coefficients c„, 6„ and c^, f*^- 
This simple but technical derivation is deferred to the 
Appendix A. With the abbreviation iVmax = l/2Trll the 
result is 

X 

CA'max A^max A^max A^rnax \ 

n n n n 
71—1 n—1 n—1 n—1 / 

/A^max A^max A^max A^max \ * 

X n dc„ n db„ n n (4i) 



and for the massless limit 



Using these results wc obtain 



z=n(A 



2 I 2\ 2 

' m 



(42) 



Except for the zero modes and the biggest eigenvalues 
Amax = 2/a, all eigenvalues come in pairs ±A,i. More 
explicitly, the related eigenfunction ip^ with Hip^ = 
—Xn^Pn provided by 



75(1 - a/2D)(p„ 



(43) 



Note that the above operator acting on provides a 
normalised 75. It cannot be extended to all eigenfunc- 
tions because of the topological obstructions [23[. Such 
a construction precisely fails at the largest eigenvalues 
ibAmax, as Can be seen also from p3|) . 

Let and n_ be a number of zero modes with positive 
and negative chiralities, and and N_ be a number 
of the cigcnfunctions with eigenvalues ±A,„ax- Then we 
conclude 



n 

0<Xr,^2/a 

(44) 



n A« 

0<A„5<i2/a 



In other words, the partition function ((35 
pressed in terms of Pfaffian: 

Z = PF{CD)^ PF{C*D*)^ , 



(45) 



can be ex- 



(46) 



as is mandatory for our construction. This concludes 
the derivation of a lattice action for Majorana fcrmions. 

CP invariance in chiral gauge theories. — It has 

been widely recognised that there is an obstruction in 
showing CP invariance of chiral gauge theories, see eg 
2J, |25[ . Consider the standard lattice action of a chiral 
gauge theory 



S[i;,ij,U] 



1 



■ 75 



DiU)ix-y)i;(y), (47) 



with ^^D{U) + D{U)^^{U) = 0, and hence the chiral ac- 
tion in (|T7|) has the property -0(1 — P)Dip = ipDPip with 
the chiral projection operators P, P defined ([33]) . The 
Ginsparg- Wilson Dirac operator, D{U), now depends on 
the Hnk variable for gauge field U, as does 75 (?7), 



%{U) ^ - aD{U)) . 



(48) 



We infer from ([48]) that also the chiral projection opera- 
tor P now depends on the link variable via 75. 

Now we proceed to the question of a CP-invariant lat- 
tice action. It follows from the above discussion that the 
no-go theorem [23| prevents the construction of a chiral 
lattice action that is invariant under the standard CP- 
transformation in the continuum. Note however that the 
no-go theorem is not an obstruction for the construction 
of CP-invariance on the lattice as CP is a discrete trans- 
formation. Still wc can infer that a lattice generalisation 
of CP necessarily depends on the link variable. In the fol- 
lowing we shall consider non-trivial lattice generalisations 
of either charge conjugation or parity transformation. 

Here we put forward a construction where wc keep 
the standard parity transformation and provide a lattice 
modification of charge conjugation. We emphasise again 
that this construction is not unique, we can modify both, 
parity and charge conjugation. This is exemplified in Ap- 
pendix B for modified lattice parity and standard charge 
conjugation. The standard parity transformations rele- 
vant in the present construction arc given by 



i^{x) il)^{x) = P"V(a;p) 
i^{x)^V{x) = ^P{xp)P, 



(49) 



where P denotes the standard parity transformation ma- 
trix, and xp = {—Xi^—X2,—X3^Xi). The properties of 
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the link variable 17,, under parity transformations are 
summarised in 



„ \ U; (xp — ai) 



(50) 



for i — 1,2,3. For the Dirac operator, we find 

PD{U'')p-\x,y) = D{U)ixp,yp). (51) 

We proceed with the observation that the natural choice 
for the charge conjugation properties of the link variable 
U and the Dirac operator D are the continuum prop- 
erties. In the Dirac operator we have not included the 
chiral projections and hence both, D and U, are insensi- 
tive to the topological obstructions related to the chiral 
properties of the theory. For the link variable U charge 
conjugation reads 



U^{x)^U;:ix) = {ulf{x). 



(52) 



Eq. (|52p also enters the charge conjugation for the Dirac 
operator, which is given by 



CD{U^)C-^ = {D{U)) . 



(53) 



In the case of the fermions ij}, ip charge conjugation de- 
fines a mapping between spinors with given chirality de- 
fined in terms of the chiral projection operators P, P. 
Therefore, we need to define charge conjugation includ- 
ing chiral projections as 



ip(x) 



1±75 



1±75(C/^) 



ix) 



Ux) 



1±75 



C-'i>'^ix), (54) 



where 



75([/) = {l-aD{U)h5- 



(55) 



As indicated before, the transformation ([5^ provides a 
(discrete) mapping between topologically different spinor 
spaces. Note that our definition of charge conjugation 
(l54l) reduces to 



(56) 



in the continuum limit. Collecting the above results, it is 
straightforward to show that the action (jlT]) is CP invari- 
ant. Note that the functional measure can be constructed 
as put forward in using the chiral projection opera- 
tors P, P. It is invariant under the CP transformation 
with dni) and 



Our lattice extension of the charge conjugation also 
applies to the symplectic Majorana fermions: 



I ±15 



l±75(C/^) 



(x) 



l±75(C/),„ \ , . 1±75 , , . 

*a (X) Eab 7^ iPb[X) , 



2 ; V-/ -u" 2 TU^-y, (57) 

where a,6 = 1 or 2. Parity transformation reads 
«'i(x) ->*f(a;) = 7jP-'^i{xp) 
^2{x)^'f^{x) = -f] p-^yf2{xp) (58) 

^Jix)C {^'[{x)cf {x) = viPl{xp)CP 
^^{x)C ^ {^^{x)cf {x) = -r?^J(xp)CP. 

where rj ~ ±1. Then, we can show that a chiral gauge 
theory described by the Majorana- Weyl action 



is CP invariant. 



1-7S 



D{U){x-y)^i{y). 

(59) 



Conclusion. — We have shown that the construction of 
a theory with chirally coupled Majorana fermions on the 
lattice has to deal with the usual topological obstructions 
well-known from the construction of chiral fermions, even 
though the total chirality is even. The obstruction is 
related to the use of chiral projection operators in the 
Yukawa term. This problem is resolved by doubling the 
degrees of freedom, and the Pfaffian nature of the path 
integral is proven. 

We have also shown that the difficulty of constructing 
CP invariant chiral gauge theories arises from the 
same topological obstruction. In order to derive a CP 
invariant action for a chiral gauge theory, we introduce 
a lattice generalisation of the CP transformation. This 
was done by modifying either lattice parity or charge 
conjugation or both. The construction also applies 
to Majorana- Weyl fermions. It remains to be seen 
how amiable these constructions are towards numerical 

MM 



38 



41 



To 



implementation, see e.g. [37 
that end one also should further explore the generality 
of the approach presented here in order to have maximal 
flexibility within the numerical implementation. Another 
interesting direction is the extension of the construction 
presented here to supersymmetric theories. In the 
continuum theory, symplectic Majorana fermions can be 
used to discuss extended supersymmetric theories. It is 
therefore challenging to construct such theories on the 
lattice. 

Acknowledgements. — YI would like to thank the 
Institute of Theoretical Physics in Heidelberg for hospi- 
tality. We are grateful to F. Bruckmann and H. Suzuki 
for various useful discussions. 
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A. Path integral measure 

Here we rewrite the path integral measure over ■0, in 
terms of the expansion coefficients c„, 6„ and c'^,b'^. We 
start with 

JldV-i =detl/-i \{ dcn n dbn, (A.f) 

X n—1 n— 1 

where iVmax = l/2Trll, and the matrix V is defined by 

V,,n = {Mx),l5C-'cpU^)) . (A.2) 
The matrix 1/ has the properties 

~Sl,n \ ( irn.n 



' ' Kn j " I b„ 



(A.3) 



and 



(det = (-)^.Lx+^l,.x det(75C-i) . (A.4) 
With help of these relations we conclude that (|4T|) holds. 

B. Modified lattice parity 

Let us discuss a lattice generalisation of parity trans- 
formation, realising charge conjugation in the standard 
way. For the action l[47|. we adopt the charge conjuga- 
tion ([56|l . The parity transformation is required to give 
a mapping between topologically different spinor states 
with opposite chiralities. Therefore, we need to intro- 
duce chiral projection operators explicitly for a lattice 
generalisation of the parity transformations. 



1±75 



p- 



1T75(C/) 



It ^ 1 T 75 p 



(B.l) 



The action (|47p is shown to be invariant under combined 
operations and (jB.ip . 

Let us consider the Majorana-Weyl action (|59p . The 
parity transformations should flip the chirality which is 
defined with different projection operators for ip and '5. 
It reads for the fermions 

■1T75(C/), 



1±75 
2 

1±75 



■01(0;) 



*i (xp) (B.2) 



For the fcrmion we define 
•l±75(C/), 



1±75(C/), 



*2 (X) 



p-1 1 T 75 , , X 



p-il T75 , . X 



Collecting the above results and using ([56)) . it is straight- 
forward to show that Majorana-Weyl action (|59p is CP 
invariant. 



(B.3) 
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